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NEF CONES OF PROJECTIVE BUNDLES OVER SURFACES AND
SESHADRI CONSTANTS
SNEHAJIT MISRA AND NABANITA RAY
Abstract. In this article, we give a description of the closed cone of curves of the projective
bundle P(E) over a smooth projective surface X . Using this, we calculate the nef cone of P(E)
over X in some cases under some suitable assumptions on X as well as on the vector bundle
E. We give a necessary and sufficient condition for ampleness of semistable vector bundles
with vanishing discriminant on a smooth projective variety X . We also calculate the Seshadri
constants of ample vector bundles in the following cases : (1) for a completely decomposable
ample vector bundles on P2 at a closed point in P2, (2) for a semistable ample vector bundles
with vanishing discriminant on some special ruled surfaces at special points, and in all other
cases, we give bounds on Seshadri constants of any ample vector bundles on these spaces.
1. Introduction
The study of divisors on a smooth projective variety X is a very important tool in classifying
algebraic varieties. A fundamental invariant of a projective variety X is its cone of nef divisors,
denoted by Nef(X). Nef cone has several equivalent characterizations, for example it is the dual
to the closed cone of curves and the closure of cone of ample line bundles on X (see [K66]). In
particular, the ample cone being the interior of the nef cone, the information about nef cone can
be used to give embeddings of X in projective spaces. Also, knowledge of these cones can be
used to study positivity questions, interpolations problems, Seshadri constants etc. So there is a
lot of interest in finding ways to describe these cones for various projective varieties. Nef cones
of a wide class of varieties have been calculated over the last few years. See [Laz1], [Fulg11],
[BP14], [MOH14], [KMR19],[KM19] for more details.
In his paper [Mi87], Yoichi Miyaoka studied the nef cone of a projective bundle P(E) over
a smooth complex projective curve C, where E is any semistable vector bundle of rank r on
C. He gave a numerical criterion for semi-stability of E in terms of nefness of the normalized
hyperplane class λE on P(E). Later in [Fulg11], the nef cone of a projective bundle P(E) over a
smooth complex projective curve C (for any rank r vector bundle E on C) is calculated gener-
alizing Miyaoka’s result. More specially, it is showed in [Fulg11] that Nef
(
P(E)
)
is determined
by the numerical data µmin(E) in the Harder-Narasimhan filtration of E. More generally, the
nef cone of the Grassmann bundle Grd(E) parametrizing the d-dimensional quotients of the
fibres of E, where 1 ≤ d ≤ r − 1, has been studied in [BP14]. However, in most of these cases,
the Picard number of the space X is 2, and hence the nef cones are generated by two extremal
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rays in a two dimensional space. In general, when the Picard number is at least 3, the nef cones
might not be a finite polyhedron, and hence are not so easy to calculate. The nef cone of the
fibre product of projective bundles over a curve has been calculated in [KMR19], [KM19], and
the Picard number of these fibre product spaces are 3. However, very little is known about the
nef cones of projective bundles over higher dimensional projective varieties.
Motivated by this, we consider a projective bundle P(E) over a smooth irreducible surface
X together with the projectivization map π : P(E) −→ X . In Section 3, we give a description of
the closed cone NE
(
P(E)
)
of curves in P(E) in terms of the closed cone of curves NE
(
P(E|C)
)
for every irreducible curves C in X . More precisely, we prove the following:
Theorem 1.1. Let E be a vector bundle of rank r on a smooth complex projective surface
X. Let ξ and F be the numerical equivalence classes of OP(E)(1) and a fibre of the projection
π : P(E) −→ X respectively. For an irreducible curve C in X together with its normalization
ηc : C˜ −→ C, we define
lc := deg
(
η∗c (E|C)
)
− µmin
(
η∗c (E|C)
)
.
Then the closed cone of curves in P(E) is given by
NE
(
P(E)
)
=
∑
C∈Γ
[
R≥0(ξr−2F ) + R≥0(ξr−1π∗C − lcξr−2F )
]
,
where Γ is the set of all irreducible curves in X.
Consequently, in Section 4 we calculate the nef cone Nef
(
P(E)
)
of the projective bundle
P(E) over a surface X under some suitable assumptions on X as well as on the bundle E by
applying duality to Theorem 1.1. Our main results in Section 4 are following:
Theorem 1.2. Let X be a smooth complex projective surface with NE(X) =
{
a1C1 + a2C2 +
· · · + anCn | ai ∈ R≥0
}
for numerical equivalence classes C1, C2, · · · , Cn of some irreducible
curves in X. Let E be a vector bundle of rank r on X such that for every irreducible curve
C ≡
n∑
i=1
xiCi ∈ N1(X)R in X with xi ∈ R≥0
µmin
(
η∗c (E|C)
)
=
n∑
i=1
xiµmin
(
η∗ci(E|Ci)
)
.
Let ξ and F be the numerical equivalence classes of OP(E)(1) and a fibre of the projectivisation
map π : P(E) −→ X respectively. Then the closed cone of curves NE
(
P(E)
)
is generated by{
ξr−2F , ξr−1π∗Ci − lciξ
r−2F | 1 ≤ i ≤ n
}
.
An element y0ξ +
n∑
i=1
yiπ
∗(Ci) ∈ N
1
(
P(E)
)
R
is in the nef cone Nef
(
P(E)
)
if and only if y0 ≥ 0
and
(
y0µmin(E|Cj ) +
n∑
i=1
yi(Ci · Cj)
)
≥ 0 for all 1 ≤ j ≤ n.
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Moreover, if E is a semistable vector bundle of rank r on X with vanishing discriminant,
i.e., △(E) := 2rc2(E)−(r−1)c
2
1(E) = 0, then the closed cone of curves NE
(
P(E)
)
is generated
by {
ξr−2F , ξr−1π∗Ci −
r−1
r
deg(E|Ci)ξ
r−2F | 1 ≤ i ≤ n
}
,
and in that case y0ξ +
n∑
i=1
yiπ
∗(Ci) ∈ N
1
(
P(E)
)
R
is in the nef cone Nef
(
P(E)
)
if and only if
y0 ≥ 0 and
(
y0µ(E|Cj) +
n∑
i=1
yi(Ci · Cj)
)
≥ 0 for all 1 ≤ j ≤ n.
Corollary 1.3. Let X be a smooth irreducible complex projective surface with Picard number 1
and LX be an ample generator of the Ne´ron Severi group N
1(X)R. Let E be a vector bundle of
rank r on X, and m be the least positive integer such that H0(mLX) 6= 0. Further, we assume
that C0 ∈ |mLX | is an irreducible curve with(
C · LX
)(
C0 · LX
)µmin(η∗c0(E|C0)) = µmin(η∗c (E|C))
for all irreducible curves C in X. Let ξ and F be the numerical equivalence classes of OP(E)(1)
and a fibre of the map π : P(E) −→ X respectively. Then the closed cone of curves is given by
NE
(
P(E)
)
=
{
a
(
ξr−2F
)
+ b
(
ξr−1π∗C0 − (deg(E|C0)− µmin(E|C0))ξ
r−2F
)
| a, b ∈ R≥0
}
,
and the nef cone is
Nef
(
P(E)
)
=
{
a
(
ξ − µmin(η
∗
c0
(E|C0))π
∗C0
)
+ b
(
π∗C0
)
| a, b ∈ R≥0
}
.
As an application of Corollary 1.3 we conclude the following:
Corollary 1.4. Let X be a smooth irreducible complex projective surface with Picard number
1 (e.g., P2, general K3 surfaces, general hypersurfaces of degree at least 4 in P3, very general
abelian surfaces etc.) and LX be an ample generator of the Ne´ron Severi group N
1(X)R. Let
E =M1⊕M2⊕ · · · ⊕Mr be a completely decomposable vector bundle of rank r on X such that
Mi ≡ aiLX ∈ N
1(X) for each i ∈ {1, 2, · · · , r} and a1 ≤ a2 ≤ a3 ≤ · · · ≤ ar. If m is the least
positive integer such that H0(mLX) 6= 0, and C0 ∈ |mLX | is any irreducible curve, then
Nef
(
P(E)
)
=
{
a
(
ξ − a1mL
2
X(π
∗C0)
)
+ b
(
π∗C0) | a, b ∈ R≥0
}
,
In particular, if X = P2, and E = OP2(a1)⊕OP2(a2)⊕· · ·⊕OP2(ar) is a completely decomposable
bundle on P2 with a1 ≤ a2 ≤ a3 ≤ · · · ≤ ar, then
Nef
(
P(E)
)
=
{
a
(
ξ − a1(π
∗H)
)
+ b
(
π∗H) | a, b ∈ R≥0
}
.
where H is the numerical equivalence class of OP2(1) in N
1(P2).
More generally, we prove the following:
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Theorem 1.5. Let X be a smooth complex projective surface such that NE(X) =
{
a1C1+a2C2+
· · · + anCn | ai ∈ R≥0
}
for numerical equivalence classes C1, C2, · · · , Cn of some irreducible
curves in X. Let E = L1 ⊕ L2 ⊕ · · · ⊕ Lr be a completely decomposable vector bundle of rank
r on X. Let ξ and F be the numerical classes of OP(E)(1) and the fibre of the projection map
π : P(E) −→ X respectively. Then NE
(
P(E)
)
is generated by{
ξr−2F,
(
ξr−1π∗Ci − lciξ
r−2F
)
,
(
ξr−1π∗C ′ − lc′ξ
r−2F
)
| 1 ≤ i ≤ r
}
,
where C ′ = C1 + · · ·+ Cn ∈ NE(X) and lc′ =
n∑
i=1
deg
(
η∗ci(E|Ci)
)
- min
{ n∑
i=1
Ci · Lj | 1 ≤ j ≤ r
}
.
An element y0ξ +
n∑
i=1
yi(π
∗Ci) ∈ N
1
(
P(E)
)
R
is in nef cone Nef
(
P(E)
)
if and only if
y0 ≥ 0 ,
{
y0
(
µmin(η
∗
cj
(E|Cj))
)
+
n∑
i=1
yi(Ci · Cj)
}
≥ 0 for all 1 ≤ j ≤ n , and{
y0 deg(E|C′)− lc′y0 +
n∑
i=1
yi(Ci · C
′)
}
≥ 0.
We also give several examples to illustrate our results. In most of these examples, the pro-
jective bundle P(E) has Picard number at least 3, and the nef cones Nef
(
P(E)
)
are all finite
polyhedra.
A vector bundle V on a smooth projective variety X is called ample (resp. nef) if the
corresponding tautological line bundle OP(V )(1) on P(V ) is ample (resp. nef). In general, there
is no straight forward way to check ampleness of a given vector bundle on X . In Section 5, we
prove the following:
Theorem 1.6. Let V be a semistable vector bundle of rank r on a smooth complex projective
variety X with discriminant △(V ) = 0. Then, V is ample if only if det(V ) is ample.
The Nakai-Moishezon criterion for ampleness says that a line bundle L on a projective
variety X is ample if and only if LdimY · Y > 0 for every positive dimensional subvarieties Y of
X . Mumford gave an example of a non-ample line bundle on a ruled surface whose intersection
with every curve is positive (see [Laz1], Chapter 1). Therefore, in general, it is not sufficient to
check the condition only for curves in Nakai-Moishezon criterion.
We recall from [[Har77],Chapter 5] that a vector bundle W of rank 2 on a smooth projective
curve C is said to be normalized if H0(W ) 6= 0, but H0(W ⊗ L) = 0 for all line bundle L
on C with deg(L) < 0. We notice that a normalized bundle W is semistable if and only if
deg(W ) ≥ 0. The above Theorem 1.6 implies the following:
Corollary 1.7. Let ρ : X = P(W ) −→ C be a ruled surface defined by a normalized rank 2
bundle on a smooth curve C such that µmin(W ) = deg(W ). Let V be a semistable vector bundle
of rank r on X with discriminant △(V ) = 0. Then, V is ample if and only if V |σ and V |f are
ample, where σ is the smooth section of ρ such that OX(σ) ∼= OP(W )(1) and f is a fibre of ρ.
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Let ρ : Fe = P
(
OP1 ⊕ OP1(−e)
)
−→ P1 be a Hirzebruch surface for some e ≥ 0. Let C0
be its normalized section such that OFe(C0) is the tautological bundle on Fe, and f be a fibre
of ρ. Any rank two vector bundle E on Fe has two numerical invariants describing it as an
extension in a cannonical manner. The first invariant dE is defined by the splitting type of E
on a general fiber f , i.e., if E|f = OP1(d) ⊕ OP1(d
′) and d ≥ d′, then dE = d. The second
invariant rE = r = deg
(
ρ∗(E(−dC0))
)
. See [B91] for more information about these numerical
invariants d and r.
In Section 5, we also prove the following result similar to Corollary 1.7 for some rank 2
bundle (not necessarily semistable) on Hirzebruch surfaces.
Theorem 1.8. Let E be a globally generated rank two bundle on Fe with numerical invariants
d and r, and E sits in the exact sequence
0→ O(dC0 + rf)→ E → O(d
′C0 + r
′f)→ 0.
Then E is ample if and only if E|f , E|C0 and E|C0+nf are ample on a generic fibre f , on C0
and sections of ρ of the forms C0 + nf with d(n− e) + r ≤ 0 respectively.
For a nef line bundle L on a projective variety X , Demailly defined the Seshadri constants
ǫ(L, x) of L at a closed point x ∈ X by
ǫ(L, x) := sup
{
t ∈ R≥0 | ρ
∗
x(L)− tEx is nef
}
where ρx : X˜x = Blx(X) −→ X is the blow up of X at x with exceptional divisor Ex. The
Seshadri constants of line bundles are very interesting invariants concerning the generation
properties of adjoint bundles. It also measures local positivity around x in several ways: some
numerical, some cohomological via asymptotic jet separation, and even via differential geometry
or from arithmetic height theory. These constants for line bundles on algebraic surfaces has been
extensively studied by many authors. See [[Laz1], Chapter 5] and [BDHKKSS] for an overview
of the current research on this topic.
In higher rank, Hacon introduced in [Hac00] the Seshadri constants ǫ(V, x) of an ample
vector bundle V on a projective variety X at a closed point x ∈ X . Let us consider the following
pullback diagram under the blow up map ρx : X˜x = Blx(X) −→ X
P
(
ρ∗x(V )
)
P(V )
X˜x X
ρ˜x
pi pi′
ρx
Let ξ˜x be the numerical equivalence class of the tautological bundle OP(ρ∗xV )(1), and E˜x :=
ρ˜x
−1(Fx), where Fx is the class of the fibre of the map π
′ over the point x. Then the Seshadri
constant of V at x ∈ X is defined as
ǫ(V, x) := sup
{
λ ∈ R>0 | ξ˜x − λE˜x is nef
}
.
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We note that the Seshadri constant ǫ(V, x) is not equal to the Seshadri constant of the tauto-
logical line bundle OP(V )(1) on P(V ). Recently, Seshadri constants for line bundles in a relative
settings is introduced in [FM19] generalizing both the definitions of Seshadri constants for line
bundles and for vector bundles. Unlike the case of line bundles, for vector bundles there are very
few results known about these interesting invariants over higher dimensional varieties. Usually,
Seshadri constants are not so easy to calculate and most of the time, one tries to give bounds.
In [Hac00], it is shown that if V is an ample vector bundle on a smooth projective curve
C, then the Seshadri constant ǫ(V, x) = µmin(V ) at x ∈ C. Our main results in Section 6 are
following:
Theorem 1.9. Let V be an ample vector bundle of rank r on P2. Then the Seshadri constant
ǫ(V, x) of V at a closed point x ∈ P2 satisfies
−µmin
(
(φ∗xV )|Ex
)
≤ ǫ(V, x) ≤ µmin
(
(φ∗xV )|Hx−Ex
)
,
where φx : X := P˜2x −→ P
2 is the blow-up of P2 at x ∈ P2 with exceptional divisor φ−1x (x) = Ex,
and Hx − Ex := φ
∗
x(OP2(1))− Ex.
Moreover, if V = L1⊕L2⊕ · · ·⊕Lr is a completely decomposable ample bundle on P
2, then
the Seshadri constant ǫ(V, x) of V at a closed point x ∈ P2 is given by
ǫ(V, x) = µmin(V ) = min
1≤i≤r
{
Li ·H
}
,
where H is the hyperplane corresponding to OP2(1).
Theorem 1.10. Let ρ : Y = P(W ) −→ C be a ruled surface over a smooth curve defined by a
normalized rank 2 bundle W such that µmin(W ) = deg(W ). Let σ be the section of ρ such that
OY (σ) ∼= OP(W )(1), and f is a fibre of ρ. Then the Seshadri constant ǫ(V, y) of an ample vector
bundle V on Y at a closed point y ∈ σ satisfies
−µmin
(
(ρ∗yV )|Ey
)
≤ ǫ(V, y) ≤ min
{
µmin
(
(ρ∗yV )|ρ∗yζ−Ey
)
, µmin
(
(ρ∗yV )|ρ∗yf−Ey
)}
,
where ρy : Y˜y = Bly(Y ) −→ Y is the blow up of Y at y ∈ σ with exceptional divisor Ey.
Moreover, if V is a semistable ample bundle with discriminant △(V ) = 0, then the Seshadri
constant at a closed point y ∈ σ is given by
ǫ(V, y) = min
{
µ(V |σ), µ(V |f)
}
.
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2. Preliminaries
All the algebraic varieties we consider are assumed to be irreducible and defined over the
field of complex numbers C. In this section, we recall the definitions and basic properties of
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algebraic cycles, nef cone and semistability of vector bundles on smooth projective varieties.
We refer the reader to [Laz1] , [Laz2] and [HL10] for more details. In this paper, we have used
the same notations and conventions for algebraic cycles that have been used in [Ful98].
2.1. Algebraic cycles and Hodge Conjecture. Let X be a variety of dimension n and
Zk(X) (respectively Z
k(X)) denotes the free abelian group generated by k-dimensional (re-
spectively k-codimensional) subvarieties on X . The Chow groups Ak(X) are defined as the
quotient of Zk(X) modulo rational equivalence. Let D be an effective Cartier divisor on X , and
let i : D →֒ X be the inclusion. Then there are Gysin homomorphisms i∗ : Ak(X) −→ Ak−1(D)
defined by the formula
i∗(α) = D · α
where D · α is the intersection class in Ak−1(D) as defined in § 2.3 in [[Ful98], Chapter 2].
When X is a smooth irreducible projective variety, we denote Ak(X) := An−k(X). Then the
Chow ring A∗(X) :=
n⊕
k=0
Ak(X) has a graded ring structure induced by the intersection form.
Consider the cycle class map c : Zk(X)⊗ R −→ H2k(X,R) mapping Z to [Z], and denote the
image of c by H2k(X,R)alg. We say a cycle Z ∈ Z
k(X)⊗ R is numerically trivial, denoted by
Z ≡ 0, if
∫
X
[Z] · [T ] = 0 for all algebraic cycles T ∈ Zn−k(X). Two cycles Z1,Z2 ∈ Z
k(X) is
said to be numerically equivalent, denoted by Z1 ≡ Z2 if Z1 − Z2 ≡ 0. The numerical groups
Nk(X)R are defined as the quotient of Z
k(X) ⊗ R modulo numerical equivalence. We denote
Nk(X)R := N
n−k(X)R, and the numerical equivalence class of a cycle γ ( resp. of a line bundle
L thinking of it as a divisor) on X by [γ] (resp. [L]).
The intersection product induces a perfect pairing Nk(X)R×Nk(X)R −→ R, which implies
Nk(X)R ≃ (Nk(X)R)
∨ for every 0 ≤ k ≤ n. The direct sum N(X)R =
n⊕
k=0
Nk(X)R is a graded
R-algebra with multiplication induced by the intersection form.
We identify H2k(X,R) with a subgroup of H2k(X,C). Then the Hodge conjecture is said to
hold true for a smooth projective variety X if H2k(X,R)alg = H
2k(X,R)
⋂
Hk,k(X,C) for all
0 ≤ k ≤ n. See [Be08] for details on the Hodge Conjecture.
If E is a vector bundle of rank r on a smooth projective variety X , and π : Y = P(E) −→ X
is the corresponding projective bundle over X , then A∗(Y ) is a finitely generated graded A∗(X)-
algebra generated by ζ = c1(OP(E)(1)) subject to the relation
ζr − c1
(
π∗(E)
)
ζr−1 + · · ·+ (−1)rcr
(
π∗(E)
)
= 0
Similarly, N(X)R is also finitely generated N(Y )R-algebra. Note that, if the Hodge Conjecture
holds true for a smooth projective variety X , then it is also true for any projective bundle P(E)
over X (See [Be08]).
2.2. Nef cone: A line bundle L over a smooth projective variety X is called numerically
effective or nef if deg(L|C) ≥ 0 for every irreducible curve C ⊆ X . Similarly, a Cartier divisor
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D on X (with Z,Q or R coefficients) is called nef if D ·C ≥ 0 for all irreducible curve C in X .
The intersection product being independent of numerical equivalence class, one can talk about
nef classes in real Ne´ron Severi group N1(X)R. The convex cone of all nef R-divisor classes
in N1(X)R is called the nef cone, and is denoted by Nef(X) ⊆ N
1(X)R. The cone of curves,
denoted by NE(X) ⊆ N1(X)R, is the convex cone spanned by the classes of all effective 1-cycles
on X , i.e.,
NE(X) =
{ ∑
i
ai ·
[
Ci
]
| Ci ⊆ X an irreducible curve, ai ∈ R≥0
}
.
Its closure NE(X) ⊆ N1(X)R is called the closed cone of curves on X . By Proposition 1.4.28
in [Laz1],
NE(X) =
{
γ ∈ N1(X)R | (δ · γ) ≥ 0 for all δ ∈ Nef(X)
}
.
2.3. Harder-Narasimhan Filtration: Let X be a smooth complex projective variety of di-
mension n with a fixed ample line bundle H on it. For a torsion-free coherent sheaf G of rank
r on X , the H-slope of G is defined as
µH(G) :=
c1(G) ·H
n−1
r
∈ Q.
A torsion-free coherent sheaf G on X is said to be H-semistable if µH(F) ≤ µH(G) for all
subsheaves F of G. A vector bundle E on X is called H-unstable if it is not H-semistable. For
every vector bundle E on X , there is a unique filtration
0 = E0 ( E1 ( E2 ( · · · ( Ek−1 ( Ek = E
of subbundles of E, called the Harder-Narasimhan filtration of E, such that Ei/Ei−1 is H-
semistable torsion free sheaf for each i ∈ {1, 2, · · · , k} and µH
(
Ei/Ei−1
)
> µH
(
Ei+1/Ei
)
for
each i ∈ {1, 2, · · · , k − 1}. We define Qk := Ek/Ek−1 and µmin(E) := µH(Qk) = µH
(
Ek/Ek−1
)
.
3. Closed Cone of Curves on Projective Bundles over a surface
Proposition 3.1. Let X be a smooth projective variety, E be a vector bundle on X and P(E)
be the corresponding projective bundle. Let C be any smooth curve in X and i : C →֒ X be the
inclusion map. Consider the following fibre product diagram.
P(E|C) P(E)
C X
j
pic pi
i
Then the map j : P(E|C) −→ P(E) is an inclusion and j
∗OP(E)(1) = OP(E|C)(1). Also, π
−1(C) =
j
(
P(E|C)
)
.
Proof. This results follows from Proposition II 7.12 in [Har77]. 
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Proposition 3.2. Let C be an irreducible curve and E ′ be a vector bundle of any rank over C.
Let C˜ be the normalization of C and ηc : C˜ → C the normalization map. Consider the following
fibre product diagram.
P
(
η∗c (E
′)
)
P(E ′)
C˜ C
η˜c
pic pic
ηc
Then we have the following bijective correspondence
{
irreducible curves in P
(
η∗
c
(E ′)
)
which are not inside any fibre of π˜c
} Φ−→
Ψ
←−
{
irreducible curves in P(E ′)
which are not inside any fibre of πc
}
.
Proof. Let A =
{
C ′ ⊆ P
(
η∗c (E
′)
)
| C ′ is an irreducible curve not contained in any fibre of π˜c
}
and B =
{
C ′′ ⊆ P(E ′) | C ′′ is an irreducible curve not contained in any fibre of πc
}
.
First, we will define maps Φ : A → B and Ψ : B → A, and we will show Ψ ◦ Φ = idA and
Φ ◦ Ψ = idB. From the commutativity of the above fibred diagram, for any C
′ ∈ A, η˜c(C
′) is
not contained in a fibre of πc. Thus, image of an irreducible set being irreducible, η˜c(C
′) ∈ B.
Hence, we define Φ(C ′) := η˜c(C
′).
Note that, P
(
η∗c (E
′)
)
= C˜ ×C P(E
′) =
{
(x, y) ∈ C˜ × P(E ′) | ηc(x) = πc(y)}.
Let C ′′ ∈ B. Clearly, from the construction, η˜c
−1(C ′′) = C˜ ×C C
′′ , which is an irreducible
curve in P
(
η∗c (E
′)
)
. Hence, we define Ψ(C ′′) := C˜ ×C C
′′.
Now,
(
Ψ ◦ Φ
)
(C ′) = η˜c
−1
(
η˜c(C
′)
)
. Also, C ′ ⊆ η˜c
−1
(
η˜c(C
′)
)
and both are irreducible curve.
Hence, C ′ = η˜c
−1
(
η˜c(C
′)
)
. This implies Ψ ◦ Φ = idA.
Conversely,
(
Φ ◦ Ψ
)
(C ′′) = Φ
(
η˜c
−1(C ′′)
)
= η˜c
(
η˜c
−1(C ′′)
)
= C ′′. This implies Φ ◦ Ψ = idB.
This proves the bijective correspondence between these two sets A and B. 
Remark 1. As ηc : C˜ −→ C is a birational morphism in the above Proposition 3.2, except
at finitely many points, they are isomorphic i.e., U ≃ ηc(U) for some open subsets U ⊆ C˜.
Similarly, η˜c : P
(
η∗c (E
′)
)
→ P(E ′) is a birational morphism, and except finitely many fibres of
π˜c and πc, they are isomorphic i.e., π˜c
−1(U) ≃ π−1c
(
ηc(U)
)
. Also, a generic fibre of π˜c map to a
generic fibre of πc.
Proposition 3.3. Let E be a vector bundle of rank r on a smooth complex projective surface
X and π : P(E)→ X be the projectivisation map. For an irreducible curve C ⊂ X, we consider
the following fibre product diagram.
P
(
η∗c (E|C)
)
P(E|C) P(E)
C˜ C X
η˜c
pic
j
pic pi
ηc i
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where i and j are inclusions, and ηc : C˜ −→ C is the normalization of C. Then there is an
injective vector space R-homomorphism(
ψ1∗c
)∨
: N1
(
P(η∗c (E|C))
)
R
−→ N1
(
P(E)
)
R
Proof. Let ξ :=
[
OP(E)(1)
]
∈ N1
(
P(E)
)
R
be the numerical equivalence class of the tautological
line bundle of P(E). Assume that
{
L1, .., LM
}
is a generating set for N1(X)R, where each Li is
ample. Then N1
(
P(E)
)
R
is generated by
{
ξ, π∗(L1), ..., π
∗(LM )
}
and N1
(
P(E)
)
R
is generated
by
{
ξr−1π∗(Lp), ξ
r−2π∗(Lp)π
∗(Lq) | 1 ≤ p ≤ q ≤ M
}
. Note that P
(
η∗c (E|C)
)
and P(E) are
smooth varieties of dimension r and r + 1 respectively. Let us consider the maps
ψc :=
(
j ◦ η˜c
)
: P
(
η∗c (E|C)
)
−→ P(E)
and the projection map π˜c : P
(
η∗c (E|C)
)
−→ C˜ over the smooth curve C˜. Let ξc˜ and fc˜ be the
numerical equivalence classes of the tautological line bundle OP(η∗c (E|C))(1) of P
(
η∗c (E|C)
)
and a
fibre of the map π˜c respectively. Then the map ψc induces the map
ψ1∗c : N
1
(
P(E)
)
R
−→ N1
(
P(η∗c (E|C)
)
R
between the Ne´ron Severi groups as follows:
ψ1∗c (ξ) = ξc˜ and ψ
1∗
c
(
π∗(Lp)
)
= xpfc˜ for all 1 ≤ p ≤M .
where xp := deg(Lp|C) = Lp · C for all 1 ≤ p ≤M .
Also, note that N r−1
(
P(E)
)
R
is generated by
{
ξr−1, ξr−2π∗(Lp), ξ
r−3π∗(Lp)π
∗(Lq) | 1 ≤ p ≤
q ≤ M
}
and N r−1
(
P(η∗c (E|C))
)
R
is generated by
{
ξr−1c˜ , ξ
r−2
c˜ fc˜
}
. The graded rings N
(
P(E)
)
R
=
r+1⊕
k=0
Nk
(
P(E)
)
R
andN
(
P(η∗c (E|C))
)
R
=
r⊕
k=0
Nk
(
P(η∗c (E|C))
)
R
are generated by degree one classes
respectively, i.e., elements of this groups are real linear combinations of numerical classes of
divisors and their complete intersections. Hence the map ψc also induces the following map
ψ(r−1)∗c : N
r−1
(
P(E)
)
R
−→ N r−1
(
P(η∗c (E|C))
)
R
as follows:
ψ
(r−1)∗
c
(
ξr−1
)
= ξr−1c˜ , ψ
(r−1)∗
c
(
ξr−2π∗(Lp)
)
= xpξ
r−2
c˜ fc˜ for all 1 ≤ p ≤ M ,
and ψ
(r−1)∗
c
(
ξr−3π∗(Lp)π
∗(Lq)
)
= 0 for all 1 ≤ p ≤ q ≤M .
Clearly, the set
{
ξr−3π∗(Lp)π
∗(Lq),
∑
p
rpξ
r−2π∗(Lp) | rp ∈ R,
∑
p
xprp = 0, 0 ≤ p ≤ q ≤ M
}
generates Ker
(
ψ
(r−1)∗
c
)
.
As the Hodge Conjecture is true for any smooth irreducible projective surface X , it is
also true for any projective bundle P(E) over X (See [Be08]). As a consequence, we have
Nk
(
P(E)
)
R
= Hk
(
P(E),R
)
for all 0 ≤ k ≤ (r + 1).
Let D ∈ N r−1
(
P(η∗c (E|C))
)
R
and L ∈
(
ψ
(r−1)∗
c
)−1
(D). Here P(E|C) is an r-dimensional cycle
in P(E) and
[
P(E|C)
]
be its corresponding cohomological class in H2
(
P(E),R
)
. We consider
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the cup product
H2r−2
(
P(E),R
)
⊗H2
(
P(E),R
)
−→ H2
(
P(E),R
)
∼= N1
(
P(E)
)
R
Finally, we define
(
ψ1∗c
)∨
: N1
(
P(η∗c (E|C))
)
R
−→ N1
(
P(E)
)
R
as follows:
(
ψ1∗c
)∨
(D) = L ·
[
P(E|C)
]
for any L ∈
(
ψ
(r−1)∗
c
)−1
(D).
Here L ·
[
P(E|C)
]
is the image of cup product L ·
[
P(E|C)
]
in N1
(
P(E)
)
R
under the isomor-
phism H2
(
P(E),R
)
∼= N1
(
P(E)
)
R
. Note that H ∈ Ker
(
ψ
(r−1)∗
c
)
if and only if H ·
[
P(E|C)
]
= 0.
Using this argument, one can check that the map
(
ψ1∗c
)∨
is well-defined and injective. 
Lemma 3.4. With the same notations and conventions as in the Proposition 3.3, the R-
homomorphism (
ψ1∗c
)∨
: N1
(
P(η∗c (E|C))
)
R
−→ N1
(
P(E)
)
R
satisfies the following:
If C ′′ =
∑
aiCi is an effective curve in P
(
η∗c (E|C)
)
, where ai ∈ R≥0 for each i, and Ci’s are
irreducible curves not contained in any fibre of π˜c, then
(
ψ1∗c
)∨(
[C ′′]
)
is also an effective curve
in P(E) such that
(
ψ1∗c
)∨(
[C ′′]
)
=
∑
i
ai
[
η˜c(Ci)
]
in N1
(
P(E)
)
R
.
Note that η˜c(Ci) is an irreducible curve in P
(
η∗c (E|C)
)
for each i.
Proof. Let V be a non-empty subset of P(E) such that
P
(
η∗c (E|C)
)
\
(
ψ−1c (V )
)
≃ P(E|C) \
(
j−1(V )
)
−→ P(E) \ V
We define V1 := j
−1(V ) and V2 := ψ
−1
c (V ) = η˜c
−1
(
j−1(V )
)
. Hence we have the following
commutative diagram.
P
(
η∗c (E|C)
)
\ V2 P(E|C) \ V1 P(E) \ V
P
(
η∗c (E|C)
)
P(E|C) P(E)
η˜c
′
i3
j′
i2 i1
η˜c j
Here vertical arrows i1, i2, i3 are inclusions, η˜c
′ is an isomorphism and j′ is an inclusion. Let
us call ψ′c := j
′ ◦ η˜c
′.
Hence we have the following commutative diagram.
Ar
(
P(E)
)
Ar−1
(
P(η∗c (E|C))
)
Ar
(
P(E) \ V
)
Ar−1
(
P(η∗c (E|C)) \ V2
)
ψ∗c
i∗
1
i∗
3
ψ′∗c
In the above diagram, the lower horizontal map ψ′∗c is the Gysin homomorphism induced by
the inclusion ψ′c : P
(
η∗c (E|C)
)
\ V2 −→ P(E) \ V .
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We know that Chow ring of smooth ruled varieties P(E) and P
(
η∗c (E|C)
)
are generated by
their linear elements. Hence the above diagram induces following commutative diagram.
A2
(
P(E)
)
A1
(
P(η∗c (E|C))
)
A2
(
P(E) \ V
)
A1
(
P(η∗c (E|C)) \ V2
)
ψ∗c
i∗
1
i∗
3
ψ′∗c
Now our claim is that if L ∈ A2
(
P(E)
)
which is not inside any fibre of π, and ψ∗c (L) is an
effective 1-cycle in P
(
η∗c (E|C)
)
, then L ·
[
P(E|C)
]
is also effective 1-cycle in A1
(
P(E|C)
)
. Indeed,
from the above commutative diagram, we get i∗3
(
ψ∗c (L)
)
= ψ′∗c
(
i∗1(L)
)
is also effective 1-cycle in
A1
(
P(η∗c (E|C)) \ V2
)
. Now from the following commutative diagram,
A2
(
P(E)
)
A1
(
P(E|C)
)
A2
(
P(E) \ V
)
A1
(
P(E|C) \ V1
)
j∗
i∗
1
i∗
2
j′∗
we note that
ψ′∗c
(
i∗1(L)
)
= η˜c
′∗
(
j′∗(i∗1(L))
)
= η˜c
′∗
(
i∗2(j
∗(L))
)
is also an effective 1-cycle in A1
(
P(η∗c (E|C)) \ V2
)
.
As η˜c
′ : P
(
η∗c (E|C)
)
\ V2 ≃ P(E|C) \ V1 is an isomorphism, we conclude that i
∗
2
(
j∗(L)
)
is also an effective 1-cycle in A1
(
P(E|C) \ V1
)
. From the construction of the map i2, it is
clear that i∗2
(
j∗(L)
)
is an effective 1-cycle in A1
(
P(E|C) \ V1
)
implies j∗(L) is an effective 1-
cycle in A1
(
P(E|C)
)
. Hence j∗(L) = L ·
[
P(E|C)
]
is an effective 1-cycle in A1
(
P(E|C)
)
. As
j : P(E|C) −→ P(E) is a closed embedding, j∗ : A1
(
P(E|C)
)
−→ A1
(
P(E)
)
is an inclusion.
Hence L ·
[
P(E|C)
]
also an effective 1-cycle in A1
(
P(E)
)
= N1
(
P(E)
)
. This shows that the map(
ψ1∗c
)∨
: N1
(
P(η∗c (E|C))
)
R
−→ N1
(
P(E)
)
R
,
which is defined as (
ψ1∗c
)∨
)(D) = L ·
[
P(E|C)
]
for any L ∈
(
ψ(r−1)∗c
)−1
(D),
takes an effective 1-cycle in P
(
η∗c (E|C)
)
to an effective 1-cycle in N1
(
P(E)
)
R
.
Also, it is clear from the above discussions that if ψ∗c (L) =
[
C ′
]
is a class of an irreducible
curve in P
(
η∗c (E|C)
)
, then (ψ1∗c )
∨([C ′]) =
[
η˜c(C
′)
]
. This is because
i∗3
(
ψ∗c (L)
)
=
[
C ′ ∩
(
P(η∗c (E|C)) \ V2
)]
,
and
i∗2(j
∗(L)) =
[
η˜c(C
′) ∩
(
P(E|C) \ V1
)]
∈ A1
(
P(E|C) \ V1
)
.
This implies
j∗(L) =
[ (
η˜c(C ′) ∩
(
P(E|C) \ V1
)) ]
in A1
(
P(E|C)
)
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which is same as
[
η˜c(C
′)
]
from Proposition (3.2). This completes the proof. 
The above discussion leads to the following result :
Theorem 3.5. Let E be a vector bundle of rank r on a smooth complex projective surface X. Let
ξ and F be the numerical equivalence classes of OP(E)(1) and a fibre of the map π : P(E) −→ X
respectively. For an irreducible curve C in X together with its normalization ηc : C˜ −→ C, we
define
lc := deg
(
η∗c (E|C)
)
− µmin
(
η∗c (E|C)
)
.
Then the closed cone of curves in P(E)
NE
(
P(E)
)
=
∑
C∈Γ
[
R≥0(ξr−2F ) + R≥0(ξr−1π∗C − lcξr−2F )
]
,
where Γ is the set of all irreducible curves in X.
Proof. Let C be an irreducible curve inX . We have already seen that the map
(
ψ1∗c
)∨
is injective
and takes an effective curve (which is not contained in any fibre of π˜c ) of P
(
η∗c (E|C)
)
to an
effective curve of P(E). Also, the map η˜c : P
(
η∗c (E|C)
)
−→ P(E|C) maps a generic fibre of
π˜c onto a generic fibre of πc. Hence, the numerical equivalence classes of curves in a fibre of
π˜c maps to the numerical equivalence classes of curves in a fibre of π by
(
ψ1∗c
)∨
. Hence, we
conclude that,
(
ψ1∗c
)∨(
NE
(
P(η∗c (E|C))
))
⊆ NE
(
P(E)
)
for any C ∈ Γ. This implies
∑
C∈Γ
(
ψ1∗c
)∨(
NE
(
P(η∗c (E|C))
))
⊆ NE
(
P(E)
)
Conversely, let
[
C¯
]
∈ NE
(
P(E)
)
be the numerical equivalence class of an irreducible curve C¯ in
P(E) which is not contained in any fibre of π. Denote π(C¯) = C. Then, C¯ ⊆ P(E|C). Also, by
Proposition 3.2, there exists a unique irreducible curve C ′ ⊆ P
(
η∗c (E|C)
)
such that η˜c(C
′) = C¯
and
(
ψ1∗c
)∨(
[C ′]
)
=
[
C¯
]
. Hence, we have
NE
(
P(E)
)
⊆
∑
C∈Γ
(
ψ1∗c
)∨(
NE
(
P(η∗c (E|C))
))
Using Lemma 2.1 in [Fulg11], for any irreducible curve C ⊂ X , we have
Nef
(
P(η∗c (E|C))
)
=
{
a
(
ξc˜ − µmin(η
∗
c (E|C))fc˜
)
+ bfc˜ | a, b ∈ R≥0
}
.
Applying duality, we get
NE
(
P(η∗c (E|C))
)
=
{
a(ξr−2c˜ fc˜) + b(ξ
r−1
c˜ − lcξ
r−2
c˜ fc˜) | a, b ∈ R≥0
}
.
Therefore, NE
(
P(E)
)
=
∑
C∈Γ
(ψ1∗c )
∨
(
NE
(
P(η∗c (E|C))
))
=
∑
C∈Γ
[
R≥0(ξr−2F ) + R≥0(ξr−1π∗C − lcξr−2F )
]
.
This proves the theorem. 
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4. Nef cone of projective bundle over surfaces
Theorem 4.1. Let X be a smooth complex projective surface with NE(X) =
{
a1C1 + a2C2 +
· · · + anCn | ai ∈ R≥0
}
for numerical equivalence classes C1, C2, · · · , Cn of some irreducible
curves in X. Let E be a vector bundle of rank r on X such that for every irreducible curve
C ≡
n∑
i=1
xiCi ∈ N1(X)R in X with xi ∈ R≥0
µmin
(
η∗c (E|C)
)
=
n∑
i=1
xiµmin
(
η∗ci(E|Ci)
)
.
We denote the numerical equivalence classes of OP(E)(1) and a fibre of the projection map
π : P(E) −→ X by ξ and F respectively. Then the nef cone Nef
(
P(E)
)
=
{
y0ξ +
n∑
i=1
yiπ
∗(Ci) | y0 ≥ 0,
(
y0µmin(E|Cj) +
n∑
i=1
yi(Ci · Cj)
)
≥ 0 for all 1 ≤ j ≤ n
}
.
Proof. Let C ≡
n∑
i=1
xiCi ∈ N1(X)R in X with xi ∈ R≥0 be an irreducible curve in X . Then,
lc = deg
(
η∗c (E|C)
)
− µmin
(
η∗c (E|C)
)
=
n∑
i=1
xi
{
deg
(
η∗ci(E|Ci)
)
− µmin
(
η∗ci(E|Ci)
)}
=
n∑
i=1
xilci.
Therefore, we conclude from Theorem 3.5 that NE
(
P(E)
)
is generated by{
ξr−2F , ξr−1π∗Ci − lciξ
r−2F | 1 ≤ i ≤ n
}
.
We have the following intersection products on P(E) :
ξ · (ξr−2F ) = 1 , ξ · (ξr−1π∗Ci) = deg(E|Ci) , π
∗Ci · (ξ
r−2F ) = 0 for all 1 ≤ i ≤ n.
π∗Ci · (ξ
r−1π∗Cj) = Ci · Cj for all 1 ≤ i , j ≤ n.
Applying duality, we get
Nef
(
P(E)
)
=
{
y0ξ +
n∑
i=1
yiπ
∗(Ci) | y0 ≥ 0 ,
(
y0µmin(E|Cj ) +
n∑
i=1
yi(Ci · Cj)
)
≥ 0 for all 1 ≤ j ≤ n
}
.

Corollary 4.2. Let X be a smooth complex projective surface with NE(X) =
{
a1C1 + a2C2 +
· · · + anCn | ai ∈ R≥0
}
for numerical equivalence classes C1, C2, · · · , Cn of some irreducible
curves in X. If E is a semistable vector bundle of rank r on X with vanishing discriminant,
i.e., △(E) := 2rc2(E)− (r − 1)c
2
1(E) = 0, then
Nef
(
P(E)
)
=
{
y0ξ+
n∑
i=1
yiπ
∗(Ci) | y0 ≥ 0 ,
(
y0µ(E|Cj )+
n∑
i=1
yi(Ci·Cj)
)
≥ 0 for all 1 ≤ j ≤ n
}
,
where ξ and F denote the numerical equivalence classes of OP(E)(1) and a fibre of the map
π : P(E) −→ X respectively.
Proof. As E is semistable with vanishing discriminant, applying Theorem 1.2 in [BB08] to the
map i ◦ ηc : C˜ −→ C →֒ X , we get that η
∗
c
(
E|C
)
is also semistable bundle on C˜ for any
irreducible curve C in X .
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Let C be an irreducible curve in X such that C ≡
n∑
i=1
xiCi ∈ N1(X)R for some xi ∈ R≥0.
Then µmin
(
η∗c (E|C)
)
= µ
(
η∗c (E|C)
)
= deg(E|C)
r
=
n∑
i=1
xi deg(E|Ci)
r
=
n∑
i=1
xiµmin
(
η∗ci(E|Ci)
)
,
and lci = deg(η
∗
ci
(E|C)
)
− µ
(
η∗ci(E|Ci)
)
= r−1
r
deg(E|Ci) for every 1 ≤ i ≤ n.
Therefore, from Theorem 4.1 we get that NE
(
P(E)
)
is generated by{
ξr−2F , ξr−1π∗Ci −
r−1
r
deg(E|Ci)ξ
r−2F | 1 ≤ i ≤ n
}
,
and the nef cone
Nef
(
P(E)
)
=
{
y0ξ+
n∑
i=1
yiπ
∗(Ci) | y0 ≥ 0 ,
(
y0µ(E|Cj)+
n∑
i=1
yi(Ci ·Cj)
)
≥ 0 for all 1 ≤ j ≤ n
}
.

Example 4.3. LetX be a smooth non-regular complex projective surfaceX , i.e., q = H1(X,OX)
6= 0, and the closed cone of curves NE(X) is a finite polyhedron generated by classes of irre-
ducible curves. Examples of such surfaces X include ruled surface over a smooth curve of genus
greater than 0 with closed cone of curves generated by irreducible curve classes, very general
abelian surfaces with Picard number 1, general surfaces with second Betti number b2 = 2 etc.
For any line bundle L on such X , there exists non-split extension of the form
0 −→ L −→ E −→ L −→ 0.
In this case, E is a semistable bundle of rank 2 with vanishing discriminant. Moreover, for any
positive integer r, the vector bundles of the forms E⊕r⊕L and E⊕r are examples of semistable
bundles of ranks 2r + 1 and 2r respectively with vanishing discriminant. In this way, one can
produce examples of semistable bundles with vanishing discriminant of any rank on such X .
Also, for a semistable bundle V on X with discriminant 0, and a nonsplit extension of the
form 0 −→ V −→ E −→ V −→ 0, E is also semistable with vanishing discriminant. In all
these cases, one can calculate the nef cones using Corollary 4.2.
For example, let ρ : X = P(W ) −→ C be a ruled surface over an elliptic curve C defined
by the nonsplit extension 0 −→ OC −→ W −→ OC −→ 0. Then NE(X) = {aC1 + bC2 | a, b ∈
R≥0}, where C1 =
[
OP(W )(1)
]
= ζ and C2 = f = numerical class of a fibre of ρ.
We consider the semistable vector bundle V = ρ∗
(
OC(−np)⊕OC(−np)
)
for some integer n
and some closed point p ∈ C. Then V is a semistable bundle with △(V ) = 0. Note that
Ext1(V, V ) = H1(X, V ∗ ⊗ V ) = H1(X, ρ∗O4C) = H
0(X,O4X) = 4.
Hence there is a nonsplit extension of the form 0 −→ V −→ E −→ V −→ 0. Note that, in
this example, the projective bundle P(E) over X has Picard number 3.
deg(E|C1) = c1(E) · ζ = 2c1(V ) · ζ = −4n(ζ · f) = −4n ; deg(E|C2) = c1(E) · f = 0.
b11 = C1 · C1 = ζ
2 = deg(W ) = 0 ; b12 = b21 = C1 · C2 = ζ · f = 1 ; b22 = f
2 = 0.
y0µ(E|C1) + y1b11 + y2b21 =
−y04n
4
+ y2 = y2 − ny0 ; y0µ(E|C2) + y1b12 + y2b22 = y1.
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Therefore, for the projective bundle π : P(E) −→ X , the nef cone is
Nef
(
P(E)
)
=
{
y0ξ + y1(π
∗ζ) + y2(π
∗f) | y0 ≥ 0, y1 ≥ 0, (y2 − ny0) ≥ 0
}
.
Example 4.4. Let ρ : X = P(W ) −→ C be a ruled surface on a smooth complex projective
curve C defined by a normalized bundle W with µmin(W ) = deg(W ). Then NE(X) = {aζ+bf |
a, b ∈ R≥0} is a finite polyhedron generated by classes of two irreducible curves, where ζ =[
OX(σ)
]
( here σ is the normalized section such that OP(W )(1) ∼= OX(σ), and f is the numerical
equivalence class of a fibre of ρ). Let V be a semistable (resp. stable) vector bundle of rank r
and degree d on C. Then, for any line bundle L on X , the pullback bundle E := ρ∗(V ) ⊗ L
is also semistable (resp. stable) on X with discriminant △(E) = △(ρ∗V ) = 2rc2(ρ
∗V ) − (r −
1)c21(ρ
∗V ) = 0− (r− 1)df · df = 0. Therefore, one can calculate the nef cone Nef
(
P(E)
)
in this
case using Corollary 4.2.
For example, any indecomposable normalized rank 2 bundle W over an elliptic curve C is
one of the following type:
Either (i) 0 −→ OC −→ W −→ OC −→ 0,
or (ii) 0 −→ OC −→W −→ OC(p) −→ 0 for some closed point p ∈ C
(see Proposition 2.15 in Chapter V in [Har77]). In both the cases, deg(W ) ≥ 0, and hence
W is semistable.
We consider the ruled surface ρ : X = P(W ) −→ C over the elliptic curve C defined by the
nonsplit extension 0 −→ OC −→W −→ OC −→ 0. Let us define C1 =
[
OX(σ)
]
=
[
OP(W )(1)
]
,
and C2 = f = numerical class of a fibre of the map ρ. Then NE(X) = {aC1+ bC2 | a, b ∈ R≥0}.
Let V be the bundle on C which sits in the nonsplit extension 0 −→ OC −→ V −→
OC(p) −→ 0 for some closed point p in C. Then, E := ρ
∗(V ) is a stable bundle on X with
△(E) = 0. Note that, in this example, the Picard number of P(E) is 3.
Now, deg(E|C1) = c1(ρ
∗V ) · ζ = deg(V )ζ ·f = 1 ; deg(E|C2) = c1(ρ
∗V ) ·f = deg(V )f ·f = 0.
b11 = C1 · C1 = ζ
2 = deg(W ) = 0 ; b12 = b21 = C1 · C2 = ζ · f = 1 ; b22 = f
2 = 0.
y0µ(E|C1) + y1b11 + y2b21 =
y0
2
+ y2 ; y0µ(E|C2) + y1b12 + y2b22 = y1.
Therefore, for the projective bundle π : P(E) −→ X , the nef cone is
Nef
(
P(E)
)
=
{
y0ξ + y1(π
∗ζ) + y2(π
∗f) | y0 ≥ 0, y1 ≥ 0, (
y0
2
+ y2) ≥ 0
}
.
Example 4.5. Let ρ : X = P(W ) −→ C be a ruled surface over a smooth elliptic curve C
defined by the rank two bundle W = OC ⊕ OC . Then NE(X) = {aζ + bf | a, b ∈ R≥0}, where
ζ =
[
OP(W )(1)
]
∈ N1(X) and f is the numerical equivalence class of a fibre of ρ.
Let ρx : X˜x = Blx(X) −→ X be the blow up of X at a closed point x in a section σ such
that OX(σ) ∼= OP(W )(1), and Ex be the exceptional divisor. Then, NE(X˜x) =
{
aC1+bC2+cC3 |
a, b, c ∈ R≥0
}
, where C1 = (ρ
∗
xf − Ex), C2 = (ρ
∗
xζ − Ex), C3 = Ex. We also have
b11 = C1 · C1 = (ρ
∗
xf −Ex) · (ρ
∗
xf − Ex) = E
2
x = −1 ;
b12 = b21 = C1 · C2 = (ρ
∗
xf − Ex) · (ρ
∗
xζ − Ex) = ζ · f + E
2
x = 0 ;
b22 = C2 · C2 = (ρ
∗
xζ − Ex) · (ρ
∗
xζ − Ex) = deg(W )− 1 = −1 ;
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b13 = b31 = C1 · C3 = (ρ
∗
xf − Ex) · Ex = 1 ;
b23 = b32 = C2 · C3 = (ρ
∗
xζ −Ex) · Ex = 1 ;
b33 = C3 · C3 = E
2
x = −1.
Let E = ρ∗x
(
ρ∗(V )
)
, where V is the semistable bundle on C given by the nonsplit extension
0 −→ OC −→ V −→ OC(p) −→ 0 for some closed point p ∈ C. Then E is also semistable
bundle with △(E) = 0. Note that, in this example, the Picard number of P(E) is 4.
deg(E|C1) = c1
(
ρ∗x
(
ρ∗(V )
))
· (ρ∗xf −Ex) = 0;
deg(E|C2) = c1
(
ρ∗x
(
ρ∗(V )
))
· (ρ∗xζ − Ex) = 1;
deg(E|C3) = c1
(
ρ∗x
(
ρ∗(V )
))
· Ex = 0.
y0µ(E|C1) + y1b11 + y2b21 + y3b31 = y3 − y1;
y0µ(E|C2) + y1b12 + y2b22 + y3b32 =
y0
2
+ y3 − y2 ;
y0µ(E|C3) + y1b13 + y2b23 + y3b33 = y1 + y2 − y3.
Therefore, the nef cone of the projective bundle π : P(E) −→ X˜x is
Nef
(
P(E)
)
=
{
y0ξ +
3∑
i=1
yiπ
∗(Ci) | y0 ≥ 0, (y3 − y1) ≥ 0, (
y0
2
+ y3 − y2) ≥ 0, (y1 + y2 − y3) ≥ 0
}
.
Corollary 4.6. Let X be a smooth irreducible complex projective surface with Picard number 1
and LX be an ample generator of the Ne´ron Severi group N
1(X)R. Let E be a vector bundle of
rank r on X, and m be the least positive integer such that H0(mLX) 6= 0. Further, we assume
that C0 ∈ |mLX | is an irreducible curve with(
C · LX
)(
C0 · LX
)µmin(η∗c0(E|C0)) = µmin(η∗c (E|C))
for all irreducible curves C in X. Let ξ and F be the numerical equivalence classes of OP(E)(1)
and a fibre of the map π : P(E) −→ X respectively. Then
Nef
(
P(E)
)
=
{
a
(
ξ − µmin(η
∗
c0
(E|C0))π
∗C0
)
+ b
(
π∗C0
)
| a, b ∈ R≥0
}
.
Proof. Let C ≡ nLX ∈ N
1(X)R be an irreducible curve in X and ηc : C˜ −→ C be its nor-
malization. Then, C ≡ nLX ≡
n
m
(mLX) ≡
n
m
C0. This shows that NE(X) is generated by the
numerical class of C0, and by the given hypothesis
µmin
(
η∗c (E|C)
)
=
(
C·LX
)(
C0·LX
)µmin(η∗c0(E|C0)) = nL2XmL2
X
µmin
(
η∗c0(E|C0)
)
= n
m
µmin
(
η∗c0(E|C0)
)
.
Therefore, applying Theorem 4.1, we get
NE
(
P(E)
)
=
{
a
(
ξr−2F
)
+ b
(
ξr−1π∗C0 − lC0ξ
r−2F
)
| a, b ∈ R≥0
}
.
Note that
{
ξr−1π∗C0 , ξ
r−2F
}
forms a basis for N1
(
P(E)
)
R
. Considering the dual basis{
δ1 = ξ −
(
deg(E|C0)π
∗C0
)
, δ2 = π
∗C0
}
for N1
(
P(E)
)
R
and using duality we get
Nef
(
P(E)
)
=
{
a
(
ξ − µmin(η
∗
c0
(E|C0))π
∗C0
)
+ b
(
π∗C0
)
| a, b ∈ R≥0
}
.
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
Corollary 4.7. Let X be a smooth complex projective surface with Picard number 1 and LX be
an ample generator of the Ne´ron Severi group N1(X)R. Let E be a vector bundle on X having
Harder-Narasimhan filtration as the following:
0 = E0 ( E1 ( · · · ( Ek−1 ( Ek = E
such that each successive quotient Ei/Ei−1 is semistable vector bundle with △(Ei/Ei−1) = 0
for every i ∈ {1, 2, .., k}. Let m be the least positive integer such that H0(mLX) 6= 0, and
C0 ∈ |mLX | be an irreducible curve. Then
Nef
(
P(E)
)
=
{
a
(
ξ − µ
(
η∗c0((E/Ek−1)|C0)
)
(π∗C0)
)
+ b
(
π∗C0) | a, b ∈ R≥0
}
.
Proof. We observe that for any irreducible curve C ≡ nLX ∈ N
1(X)R in X
µmin
(
η∗c (E|C)
)
= µ
(
η∗c ((E/Ek−1)|C)
)
,
and
(
C·LX
)(
C0·LX
)µmin(η∗c0(E|C0)) = nL2XmL2
X
µ
(
η∗c0((E/Ek−1)|C0)
)
= µmin
(
η∗c (E|C)
)
. Hence, applying
Corollary 4.6, we get
Nef
(
P(E)
)
=
{
a
(
ξ − µ
(
η∗c0((E/Ek−1)|C0)
)
(π∗C0)
)
+ b
(
π∗C0) | a, b ∈ R≥0
}
.

Corollary 4.8. Let X be a smooth complex projective surface with Picard number 1 and LX
be an ample generator of the Ne´ron Severi group N1(X)R. Let E = M1 ⊕M2 ⊕ · · · ⊕Mr be a
completely decomposable vector bundle of rank r on X such that Mi ≡ aiLX ∈ N
1(X) for each
i ∈ {1, 2, · · · , r} and a1 ≤ a2 ≤ a3 ≤ · · · ≤ ar. Let m be the least positive integer such that
H0(mLX) 6= 0 and C0 ∈ |mLX | be an irreducible curve. Then
Nef
(
P(E)
)
=
{
a
(
ξ − a1mL
2
X(π
∗C0)
)
+ b
(
π∗C0) | a, b ∈ R≥0
}
.
In particular, if X = P2, and E = OP2(a1)⊕OP2(a2)⊕· · ·⊕OP2(ar) a completely decomposable
bundle on P2 with a1 ≤ a2 ≤ a3 ≤ · · · ≤ ar, then
Nef
(
P(E)
)
=
{
a
(
ξ − a1(π
∗H)
)
+ b
(
π∗H) | a, b ∈ R≥0
}
,
where H is the numerical equivalence class of OP2(1) in N
1(P2)R.
Proof. We note that the vector bundle E has the Harder-Narasimhan filtration satisfying the
hypothesis of Corollary 4.7.
Also, for any irreducible curve C in X , µmin
(
η∗c (E|C)
)
= µ
(
η∗c (M1|C)
)
= µ
(
M1|C
)
.
Therefore, using Corollary 4.7 we get
Nef
(
P(E)
)
=
{
a
(
ξ − a1mL
2
X(π
∗C0)
)
+ b
(
π∗C0) | a, b ∈ R≥0
}
.
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In the case X = P2, choosing OP2(1) as the ample generator, and the hyperplane H in P
2
corresponding to OP2(1) as the irreducible curve C0 ∈ |OP2(1)|, we get the result. 
Example 4.9. Let X be a smooth non-regular complex projective surface with Picard number
1 and q = H1(X,OX) 6= 0. Let LX be an ample generator for N
1(X), and L and M be two line
bundles on X such that µLX (L) > µLX (M). Let V and W be two vector bundles on X given
by two nonsplit extensions 0 −→ L −→ V −→ L −→ 0 and 0 −→ M −→ W −→ M −→ 0
respectively. Then, for any extension of the form
0 −→ V −→ E −→W −→ 0
the Harder-Narasimhan filtration of E satisfies the hypothesis of Corollary 4.7. Therefore, in
this case, we can calculate the nef cone Nef
(
P(E)
)
.
Theorem 4.10. Let X be a smooth complex projective surface such that NE(X) =
{
a1C1 +
a2C2 + · · · + anCn | ai ∈ R≥0
}
for numerical equivalence classes C1, C2, · · · , Cn of some irre-
ducible curves in X. Let E = L1 ⊕ L2 ⊕ · · · ⊕ Lr be a completely decomposable vector bundle
of rank r on X. Let ξ and F be the numerical classes of OP(E)(1) and the fibre of the map
π : P(E) −→ X respectively. Then NE
(
P(E)
)
is generated by{
ξr−2F,
(
ξr−1π∗Ci − lciξ
r−2F
)
,
(
ξr−1π∗C ′ − lc′ξ
r−2F
)
| 1 ≤ i ≤ r
}
where C ′ = C1 + · · ·+ Cn ∈ NE(X) and lc′ =
n∑
i=1
deg
(
η∗ci(E|Ci)
)
- min
{ n∑
i=1
Ci · Lj | 1 ≤ j ≤ r
}
.
Also, y0ξ +
n∑
i=1
yi(π
∗Ci) ∈ N
1
(
P(E)
)
R
is in the nef cone Nef
(
P(E)
)
if and only if
y0 ≥ 0 ,
{
y0
(
µmin(η
∗
cj
(E|Cj))
)
+
n∑
i=1
yi(Ci · Cj)
}
≥ 0 for all 1 ≤ j ≤ n , and{
y0 deg(E|C′)− lc′y0 +
n∑
i=1
yi(Ci · C
′)
}
≥ 0.
Proof. Let C be an irreducible curve in X numerically equivalent to
n∑
i=1
xiCi for xi ∈ R≥0 for
all i and let ηc : C˜ −→ C be its normalization. Then, by Lemma 2.1 in [Fulg11]
Nef
(
P(η∗c (E|C))
)
=
{
a
(
ξc˜ − µmin(η
∗
c (E|C))fc˜
)
+ bfc˜ | a, b ∈ R≥0
}
,
Nef
(
P(η∗ci(E|Ci))
)
=
{
a
(
ξc˜i−µmin(η
∗
ci
(E|Ci))fc˜i
)
+bfc˜i | a, b ∈ R≥0
}
for each i ∈ {1, 2, · · · , n}.
Applying duality, we also have
NE
(
P(η∗c (E|C))
)
=
{
a
(
ξr−2c˜ fc˜
)
+ b
(
ξr−1c˜ − lcξ
r−2
c˜ fc˜
)
| a, b ∈ R≥0
}
,
NE
(
P(η∗ci(E|Ci))
)
=
{
a
(
ξr−2c˜i fc˜i
)
+b
(
ξr−1c˜i −lciξ
r−2
c˜i
fc˜i
)
| a, b ∈ R≥0
}
for each i ∈ {1, 2, · · · , n}.
We denote aij = Ci ·Lj for 1 ≤ i ≤ n, 1 ≤ j ≤ r, xc = min{x1, x2, ...., xn} and x
c
i = (xi−xc)
for each 1 ≤ i ≤ n.
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Now deg
(
η∗c (E|C)
)
=
n∑
i=1
xi deg
(
η∗ci(E|Ci)
)
,
lci = deg
(
η∗ci(E|Ci)
)
− µmin
(
η∗ci(E|Ci)
)
= deg
(
η∗ci(E|Ci)
)
−min
{
aij | 1 ≤ j ≤ r
}
.
We define
lc′ := deg
(
E|C′
)
−min
{ n∑
i=1
aij | 1 ≤ j ≤ r
}
=
n∑
i=1
deg
(
η∗ci(E|Ci)
)
−min
{ n∑
i=1
aij | 1 ≤ j ≤ r
}
.
Then,
xc
(
ξr−1π∗C ′ − lc′ξ
r−2F
)
+
n∑
i=1
(xci)
(
ξr−1π∗Ci − lciξ
r−2F
)
.
= ξr−1π∗C − deg
(
η∗c (E|C)
)
ξr−2F +
{
xc
(
deg(E|C′)− l
′
c
)
+
n∑
i=1
(xci)µmin
(
η∗ci(E|Ci)
)}
ξr−2F .
Also, we have
τc := xc
(
deg(E|C′)− l
′
c
)
+
n∑
i=1
(xci)µmin
(
η∗ci(E|Ci)
)
= min
{ n∑
i=1
xcaij | 1 ≤ j ≤ r
}
+
n∑
i=1
min
{
xciaij | 1 ≤ j ≤ r
}
.
≤ min
{ n∑
i=1
xiaij | 1 ≤ j ≤ r
}
= µmin
(
η∗c (E|C)
)
.
We fix the notation µc1 := µmin
(
η∗c (E|C)
)
in what follows.
We recall from Theorem 3.5 that
NE
(
P(E)
)
=
∑
C∈Γ
[
R≥0(ξr−2F ) + R≥0
{
ξr−1π∗C − lcξr−2F
}]
,
=
∑
C∈Γ
[
R≥0(ξr−2F ) + R≥0
{
ξr−1π∗C −
(
deg(η∗c (E|C))− µ
c
1
)
ξr−2F
}]
,
=
∑
C≡
∑
xiCi
[
R≥0(ξr−2F ) + R≥0
{
xc(ξr−1π∗C ′ − lc′ξr−2F ) +
n∑
i=1
xci (ξ
r−1π∗Ci − lciξ
r−2F ) + (µc1 − τc)ξ
r−2F
}]
.
This shows that NE
(
P(E)
)
is generated by
{
ξr−2F,
(
ξr−1π∗Ci − lciξ
r−2F
)
,
(
ξr−1π∗C ′ − lc′ξ
r−2F
)
| 1 ≤ i ≤ r
}
.
Now, N1
(
P(E)
)
is generated by the set
{
ξ, π∗Ci | 1 ≤ i ≤ n
}
. Note that this is a generating set
of N1
(
P(E)
)
only, which may not be a basis of N1
(
P(E)
)
. We are considering this generating
set instead of a basis to avoid the extended calculations. Consequently, using duality, we get
that y0ξ +
n∑
i=1
yi(π
∗Ci) ∈ N
1
(
P(E)
)
R
is in the nef cone Nef
(
P(E)
)
if and only if
y0 ≥ 0 ,
{
y0
(
µmin(η
∗
cj
(E|Cj ))
)
+
n∑
i=1
yi(Ci · Cj)
}
≥ 0 for all 1 ≤ j ≤ n , and{
y0 deg(E|C′)− lc′y0 +
n∑
i=1
yi(Ci · C
′)
}
≥ 0. 
Example 4.11. Let φx : X = P˜
2
x −→ P
2 be the blow-up of P2 at a closed point x ∈ P2
with exceptional divisor φ−1x (x) = Ex. Then, NE(X) =
{
aC1 + bC2 | a, b ∈ R≥0
}
, where
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C1 =
[
φ∗x
(
OP2(1)
)]
− Ex, and C2 = Ex. Then, b11 = C1 · C1 = 0 , b12 = b21 = C1 · C2 = 1 ,
b22 = C2 · C2 = −1.
Let us consider the rank 2 bundle E = φ∗x
(
OP2(1)
)
⊕OX(Ex) on X . Then, P(E) has Picard
number 3. Fix the notations L1 = φ
∗
x(OP2(1) , L2 = OX(Ex) , and aij = Ci · Lj for 1 ≤ i ≤ 2,
1 ≤ j ≤ 2.
Then, a11 = 1 , a12 = 1 , a21 = 0 , a22 = −1 , deg(E|C1) = 2 , deg(E|C2) = −1. Also,
C ′ = C1 + C2 =
[
φ∗x
(
OP2(1)
)]
.
µmin
(
η∗c1(E|c1)
)
= min{a1j | 1 ≤ j ≤ 2} = 1 ,
µmin
(
η∗c2(E|c2)
)
= min{a2j | 1 ≤ j ≤ 2} = −1 ,
lc′ = deg(E|c′)−min{a11 + a21, a12 + a22} = (2− 1)− 0 = 1.
Therefore, y0ξ +
3∑
i=1
yi(π
∗Ci) ∈ N
1
(
P(E)
)
R
is in Nef
(
P(E)
)
if and only if y0 ≥ 0 ,{
y0µmin
(
η∗c1(E|c1)
)
+
2∑
i=1
yibi1
}
= y0+ y2 ≥ 0,
{
y0µmin
(
η∗c2(E|c2)
)
+
2∑
i=1
yibi2
}
= y1− y0− y2 ≥ 0,
and
{
y0 deg(E|C′)− lc′y0+
2∑
i=1
yi(Ci ·C
′)
}
= y1 ≥ 0. Note that the last condition is redundant.
Example 4.12. Let ρ : X = P(W ) −→ C be a ruled surface over a smooth curve C, defined
by an unstable normalized rank 2 bundle W = OC ⊕M for some line bundle M on C with
deg(M) = l < 0. Then, NE(X) = {aζ + bf | a, b ∈ R≥0}, where
[
OP(W )(1)
]
= ζ ∈ N1(X)R and
f is the numerical class of a fibre of ρ.
Let ρx : X˜x = Blx(X) −→ X be the blow up of X at a closed point x in the section σ such
that OX(σ) ∼= OP(W )(1), and Ex be the exceptional divisor. Then, NE(X˜x) =
{
aC1+bC2+cC3 |
a, b, c ∈ R≥0
}
, where C1 = (ρ
∗
xf − Ex), C2 = (ρ
∗
xζ − Ex), C3 = Ex. Consider the intersection
products,
b11 = C1 · C1 = (ρ
∗
xf −Ex) · (ρ
∗
xf − Ex) = E
2
x = −1 ;
b12 = b21 = C1 · C2 = (ρ
∗
xf − Ex) · (ρ
∗
xζ − Ex) = ζ · f + E
2
x = 0 ;
b22 = C2 · C2 = (ρ
∗
xζ − Ex) · (ρ
∗
xζ − Ex) = deg(W )− 1 = l − 1 ;
b13 = b31 = C1 · C3 = (ρ
∗
xf − Ex) · Ex = 1 ;
b23 = b32 = C2 · C3 = (ρ
∗
xζ −Ex) · Ex = 1 ; b33 = C3 · C3 = E
2
x = −1.
Let us consider the rank 2 bundle E = OX˜x(mEx) ⊕ OX˜x(nEx) on X˜x, for some m,n ∈ Z
with m ≤ n. Then, P(E) has Picard number 4 in this case. Fix the notations L1 = OX˜x(mEx),
L2 = OX˜x(nEx), and aij = Ci · Lj for 1 ≤ i ≤ 3, 1 ≤ j ≤ 2. Then, a11 = m , a12 = n , a21 = m,
a22 = n , a31 = −m , a32 = −n.
deg(E|C1) = (mEx + nEx) · (ρ
∗
xf − Ex) = m+ n ;
Similarly, deg(E|C2) = m+ n ; deg(E|C3) = −(m+ n).
Also, µmin
(
η∗c1(E|C1)
)
= min{a1j | 1 ≤ j ≤ 2} = m.
µmin
(
η∗c2(E|C2)
)
= min{a2j | 1 ≤ j ≤ 2} = m.
µmin
(
η∗c3(E|C3)
)
= min{a3j | 1 ≤ j ≤ 2} = −n.
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lc′ =
3∑
i=1
deg(E|Ci)−min{a11 + a21 + a31 , a12 + a22 + a32} = (m+ n)−m = n.
We also have, C1 ·C
′ = C1 · (C1+C2+C3) = 0 ; C2 ·C
′ = C2 · (C1+C2+C3) = l = deg(W );
C3 · C
′ = C3 · (C1 + C2 + C3) = 1.
Therefore, y0ξ +
3∑
i=1
yi(π
∗Ci) ∈ N
1
(
P(E)
)
R
is in Nef
(
P(E)
)
if and only if y0 ≥ 0 , and{
y0µmin
(
η∗c1(E|c1)
)
+
3∑
i=1
yibi1
}
= my0 − y1 + y3 ≥ 0,{
y0µmin
(
η∗c2(E|c2)
)
+
3∑
i=1
yibi2
}
= my0 + (l − 1)y2 + y3 ≥ 0,{
y0µmin
(
η∗c3(E|c3)
)
+
3∑
i=1
yibi3
}
= −ny0 + y1 + y2 − y3 ≥ 0,{
y0 deg(E|C′)− lc′y0 +
3∑
i=1
yi(Ci · C
′)
}
= my0 + ly2 + y3 ≥ 0.
5. An Ampleness criterion for vector bundles
Theorem 5.1. Let V be a semistable vector bundle of rank r on a smooth complex projective
variety X with discriminant △(V ) = 0. Then V is ample if only if det(V ) is ample.
Proof. We first note that Symr(V ) ⊗ det(V )∗ is semistable with △
(
Symr(V ) ⊗ det(V )∗
)
= 0.
Also, c1
(
Symr(V )⊗ det(V )∗
)
= 0.
Our claim is that Symr(V )⊗det(V )∗
)
is nef. It is enough to check that for every irreducible
curve C in X ,
(
Symr(V ) ⊗ det(V )∗
)
|C is nef. But,
(
Symr(V ) ⊗ det(V )∗
)
|C is nef if and only
if the pullback η∗c
((
Symr(V )⊗ det(V )∗
)
|C
)
is nef under the normalization map ηc : C˜ −→ C.
Now applying Theorem 1.2 in [BB08] to the map i ◦ ηc : C˜ −→ C →֒ X , we get
η∗c
((
Symr(V )⊗det(V )∗
)
|C
)
is semistable. Hence, η∗c
((
Symr(V )⊗det(V )∗
)
|C
)
is nef by Theorem
3.2.7 in [HL10], because
deg
(
η∗c
(
(Symr(V )⊗ det(V )∗)
)
|C
)
= c1
(
Symr(V )⊗ det(V )∗
)
· C = 0.
This proves our claim.
Now, det(V ) being ample,
(
Symr(V )⊗ det(V )∗
)
⊗ det(V ) = Symr(V ) is also ample. There-
fore, V is ample by Proposition 2.4 in [Har66]. 
Corollary 5.2. Let W be a vector bundle of rank m over a smooth complex projective curve C
and ρ : P(W ) −→ C be the projectivisation map. Let V be a semistable vector bundle on P(W )
of rank r with discriminant △(V ) = 0, and c1(V ) ≡ xξ + yf , where ξ and f are the numerical
classes of OP(W )(1) and a fibre of ρ respectively. Then, V is ample if and only if x > 0 and(
xµmin(W ) + y
)
> 0.
Proof. We note that
NE
(
P(W )
)
=
{
a
(
ξm−1 − (deg(W )− µmin(W ))ξ
m−2f
)
+ bξm−2f | a, b ∈ R≥0
}
NEF CONES OF PROJECTIVE BUNDLES OVER SURFACES AND SESHADRI CONSTANTS 23
Hence, c1(V ) is ample if and only if
c1(V ) ·
{
ξm−1 − (deg(W )− µmin(W ))ξ
m−2f
}
=
(
xµmin(W ) + y
)
> 0 and
c1(V ) · ξ
m−2f = x > 0.
Therefore, the result follows from the previous Theorem. 
Corollary 5.3. Let ρ : X = P(W ) −→ C be a ruled surface defined by a normalized rank 2
bundle on a smooth curve C such that µmin(W ) = deg(W ). Let V be a semistable vector bundle
of rank r on X with discriminant △(V ) = 0. Then, V is ample if and only if V |σ and V |f are
ample, where σ is the smooth section of ρ such that OX(σ) ≃ OP(W )(1) and f is a fibre of ρ.
Proof. Let c1(V ) ≡ xζ + yf , where ζ = [σ] ∈ N
1(X). Note that, by the given hypothesis, both
V |σ and V |f are semistable, and hence both are ample if and only if
deg
(
V |σ
)
= (xζ + yf) · ζ = (x deg(W ) + y) > 0, and
deg
(
V |f
)
= (xζ + yf) · f = x > 0.
But, in that case, (xµmin(W ) + y) = (x deg(W ) + y) > 0.
Therefore, the result follows from the previous corollary. 
Example 5.4. Let ρ : X = P(W ) −→ C be a ruled surface on a smooth curve C as in Corollary
5.3. Then, for any semistable vector bundle R on C and any integerm, V := ρ∗(R)⊗OP(W )(m) is
a semistable vector bundle with vanishing discriminant. Hence by Corollary 5.3, any semistable
vector bundle V on X of this form ρ∗(R)⊗ OP(W )(m) is ample if and only if V |σ and V |f are
ample if and only if m > 0 and deg(R) > −m deg(W ).
Let ρ : Fe = P
(
OP1 ⊕ OP1(−e)
)
−→ P1 be a Hirzebruch surface for some e ≥ 0. Let C0 be
its normalized section such that OFe(C0) is the tautological bundle on Fe, and f be a fibre of
ρ. We recall the following results from [Har77], Chapter 5.
Theorem 5.5. Let D ∼ aC0 + bf be a divisor on Fe. Then
(a) The linear system |D| contains a section of ρ if and only if a = 1 and either b = 0 or b ≥ e.
(b) The linear system |D| contains an irreducible non-singular curve if and only if it contains
an irreducible curve if and only if a = 0, b = 1 (namely f) ; or a = 1, b = 0 (namely C0) ; or
a > 0, b > ae ; or e > 0, a > 0, b = ae.
(c) D is very ample if and only if D is ample if and only if a > 0 and b > ae.
Lemma 5.6. Any irreducible curve of Fe other than the fibers of ρ is linearly equivalent to an
effective curve which is a union of sections of the map ρ.
Proof. Let C be an irreducible curve in Fe other than a fibre and the section C0. Then C ∼
xC0 + yf for some x > 0 and y ≥ xe. Let y = mxe + r for some m > 0 and 0 ≤ r < xe. Now,
C ∼ xC0 + yf ∼ (x− 1)
(
C0 + ef
)
+
(
C0 + (e(xm− x+ 1) + r)f
)
. This proves the result. 
Proposition 5.7. Let C be an irreducible curve in Fe and C ∼ C1 + · · ·+ Cr where Ci’s are
sections of the map ρ. Let E be a vector bundle on Fe. Then ρ∗
(
E|C
)
∼=
⊕
i
ρ∗
(
E|Ci
)
as vector
bundles on P1.
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Proof. We first observe that for any two curves B and B′ in Fe which are linearly equivalent to
each other,
ρ∗
(
E ⊗OB
)
∼= ρ∗
(
E ⊗OB′
)
on P1.
In other words, ρ∗
(
E|B
)
∼= ρ∗
(
E|B′
)
on P1. So, without loss of generality we assume that
C = C1 + · · ·+ Cr and Ci →֒ C be an irreducible component of it. Then, OC ։ OCi , which
induces a sheaf map ρ∗
(
E ⊗ OC
)
−→ ρ∗
(
E ⊗ OCi
)
on P1 for all i, and hence induces a map
ρ∗
(
E ⊗OC
)
−→
⊕
i
ρ∗
(
E ⊗OCi
)
as well.
We claim that
ρ∗
(
E ⊗OC
)
−→
⊕
i
ρ∗
(
E ⊗OCi
)
is an isomorphism on P1. Indeed, for any y ∈ P1,(
ρ∗(E ⊗OC)
)
y
∼=
⊕
x∈{C ∩ ρ−1(y)}
Ex.
On the other hand,(⊕
i
ρ∗(E ⊗OCi)
)
y
∼=
⊕
i
(
ρ∗(E ⊗OCi)
)
y
∼=
⊕
x∈Ci,ρ(x)=y
Ex.
Hence, the map is isomorphic at the stalk level. This proves our claim and the result. 
We recall the following from [B91] and [AM11].
Theorem 5.8. For every rank two bundle E on a Hirzebruch surface Fe, with fixed Chern
classes c1 = (α, β) ∈ Z × Z, c2 ∈ Z and invariants d and r, there exists Y ⊂ Fe a locally
complete intersection subset of codimension two in Fe or the empty set, such that E is given by
the extension:
0→ O(dC0 + rf)→ E → O(d
′C0 + r
′f)⊗ IY → 0
where d+ d′ = α, r+ r′ = β and deg(Y ) = l(c1, c2, d, r) = c2 + α(de− r)− βd+2dr− d
2e ≥ 0.
Let E be a globally generated rank two vector bundle on Fe. Then for a generic fibre f ,
E|f = OP1(d)⊕OP1(d
′), where d ≥ d′ ≥ 0.
Theorem 5.9. Let E be a globally generated rank two bundle on Fe with numerical invariants
d and r, and E sits in the exact sequence
0→ O(dC0 + rf)→ E → O(d
′C0 + r
′f)→ 0.(1)
Then, E is ample if and only if E|f , E|C0 and E|C0+nf are ample on a generic fibre f , on C0
and sections of ρ of the forms C0 + nf with d(n− e) + r ≤ 0 respectively.
Proof. Restriction of ample bundle being ample, E|C is ample for any curve C in Fe whenever
E is ample.
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Conversely, let E|f , E|C0 and E|C0+nf are ample on a generic fibre f , on C0 and sections of
ρ of the forms C0 + nf with d(n− e) + r ≤ 0 respectively. Now, if
E|f = OP1(d)⊕OP1(d
′),
for a generic fibre f of ρ with d ≥ d′ ≥ 0, then the ampleness of E|f implies that d, d
′ > 0.
Let f ′ be a fibre among those finitely many fibre which has different splitting type of E than
that of a generic fibre. Restricting the exact sequence (1) to f ′, we get
0→ OP1(d)→ E|f ′ → OP1(d
′)→ 0
Hence, E|f ′ being an extension of two ample line bundle, is also ample.
Let C ∼ C0 + nf be any section of ρ, where either n = 0 or n ≥ e. Now, restricting the
exact sequence (1) to C, we get
0→ OP1
(
d(n− e) + r
)
→ E|C → OP1
(
d′(n− e) + r′
)
→ 0.
As E|C0 is ample on C0, and OP1(−d
′e+r′) being the quotient is also ample. Hence, (−d′e+r′) >
0, which implies d′(n − e) + r′ > 0 for any n ≥ 1. Note that, if d(n− e) + r > 0 then E|C0+nf
is ample, as it is then an extension of two ample bundles. If d(n − e) + r ≤ 0 then E|C0+nf
is also ample by the given hypothesis. Therefore, we conclude that restriction of E onto each
fibre and each section is ample.
Let C be any curve of Fe other than a fibre of ρ, and C ∼ C1 + · · · + Cr where Ci’s are
sections. Now, using Proposition 5.7, we get that ρ∗(E|C) is an ample vector bundle on P
1.
If E is not ample, then by By Giesekers lemma [[Laz2], Proposition 6.1.7], there exists an
irreducible curve C in Fe other than the fibres and a surjective homomorphism u : E|C ։ OC .
This induces the sujection ρ∗(E|C)։ ρ∗(OC) ∼= OP1 , as well as the injection OP1 →֒
(
ρ∗(E|C)
)∗
which contradicts the fact that ρ∗(E|C) is an ample bundle on P
1. Therefore, E is ample. This
completes the proof. 
6. Some Remarks on Seshadri Constants of Vector bundles
Theorem 6.1. Let V be an ample vector bundle of rank r on P2. Then the Seshadri constant
ǫ(V, x) of V at a closed point x ∈ P2 satisfies
−µmin
(
(φ∗xV )|Ex
)
≤ ǫ(V, x) ≤ µmin
(
(φ∗xV )|Hx−Ex
)
,
where φx : X := P˜2x −→ P
2 is the blow-up of P2 at x ∈ P2 with exceptional divisor φ−1x (x) = Ex,
and Hx − Ex := φ
∗
x(OP2(1))− Ex.
Moreover, if V = L1⊕L2⊕ · · ·⊕Lr is a completely decomposable ample bundle on P
2, then
the Seshadri constant ǫ(V, x) of V at a closed point x ∈ P2 is given by
ǫ(V, x) = µmin(V ) = min
1≤i≤r
{
Li ·H
}
,
where H is the hyperplane corresponding to OP2(1).
Proof. We define E := φ∗x(V ), and consider the following commutative fibred diagram.
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P(E) := P
(
φ∗x(V )
)
P(V )
X := P˜2x P
2
φ˜x
pi pi′
φx
We have NE(X) =
{
aC1+ bC2 | a, b ∈ R≥0
}
, where C1 = Hx−Ex, C2 = Ex. Then both C1 and
C2 are smooth curves. We denote the numerical equivalence class of the tautological bundle
OP(E)(1) and a fibre of π by ξ˜x and Fx, and define E˜x := π
∗(Ex). Then applying Theorem 3.5
we get
NE
(
P(E)
)
=
∑
C∈Γ
[
R≥0
(
ξ˜x
r−2
Fx
)
+ R≥0
(
ξ˜x
r−1
π∗C − lcξ˜x
r−2
Fx
)]
.
Let λ > 0 be a real number such that ξ˜x − λE˜x is nef. So, in particular,(
ξ˜x − λE˜x
)
·
(
ξ˜x
r−1
π∗C1 − lc1 ξ˜x
r−2
Fx
)
=
(
ξ˜x − λπ
∗(C2)
)
·
(
ξ˜x
r−1
π∗C1 − lc1 ξ˜x
r−2
Fx
)
= deg
(
E|C1
)
− λ− lc1 =
(
µmin
(
E|C1
)
− λ
)
≥ 0.
Similarly,
(
ξ˜x − λE˜x
)
·
(
ξ˜x
r−1
π∗C2 − lc2 ξ˜x
r−2
Fx
)
=
(
ξ˜x − λπ
∗(C2)
)
·
(
ξ˜x
r−1
π∗C2 − lc2 ξ˜
r−2Fx
)
= λ− lc2 = λ+ µmin
(
E|C2
)
≥ 0.
[
As deg(φ∗x(V )|C2) = 0
]
.
This implies that
−µmin
(
(φ∗xV )|Ex
)
≤ ǫ(V, x) ≤ µmin
(
(φ∗xV )|Hx−Ex
)
.
In particular, if V = L1 ⊕ L2 ⊕ · · · ⊕ Lr is a completely decomposable ample bundle, then
using Theorem 4.10 we get that for a positive real number λ > 0, ξ˜x− λE˜x = ξ˜x− λπ
∗C2 is nef
if and only if
λ ≥ 0, and µmin
(
E|Hx−Ex
)
− λ = min
1≤i≤r
{
Li ·H
}
− λ = µmin(V )− λ ≥ 0.
Hence, the Seshadri constant of V = L1 ⊕ L2 ⊕ · · · ⊕ Lr at x ∈ P
2 is
ǫ(V, x) = sup
{
λ > 0 | ξ˜x − λE˜x is nef
}
= µmin(V ) = min
1≤i≤r
{
Li ·H
}
.

Theorem 6.2. Let ρ : Y = P(W ) −→ C be a ruled surface over a smooth curve defined by a
normalized rank 2 bundle W such that µmin(W ) = deg(W ). Let σ be the section of ρ such that
OY (σ) ∼= OP(W )(1), and f is a fibre of ρ. Then the Seshadri constant ǫ(V, y) of an ample vector
bundle V on Y at a closed point y ∈ σ satisfies
−µmin
(
(ρ∗yV )|Ey
)
≤ ǫ(V, y) ≤ min
{
µmin
(
(ρ∗yV )|ρ∗yζ−Ey
)
, µmin
(
(ρ∗yV )|ρ∗yf−Ey
)}
,
where ρy : Y˜y = Bly(Y ) −→ Y is the blow up of Y at y ∈ σ with exceptional divisor Ey.
Moreover, if V is a semistable ample bundle with discriminant △(V ) = 0, then the Seshadri
constant at a closed point y ∈ σ is given by
ǫ(V, y) = min
{
µ(V |σ), µ(V |f)
}
.
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Proof. We note that NE(Y˜y) =
{
aC1 + bC2 + cC3 | a, b, c ∈ R≥0
}
, where C1 = (ρ
∗
yf − Ey) ,
C2 = (ρ
∗
yζ − Ey), C3 = Ey. Note that all three curves C1, C2 and C3 are smooth.
We define E := ρ∗y(V ). Consider the following fibre product diagram.
P(E) = P
(
ρ∗y(V )
)
P(V )
X := Y˜y Y
ρ˜y
pi pi′
ρy
Then by a similar argument as in previous Theorem 6.2, we get that the Seshadri constant
ǫ(V, y) of V at y ∈ σ satisfies
−µmin
(
η∗c3(E|C3)
)
≤ ǫ(V, y) ≤ min
{
µmin
(
η∗c1(E|C1)
)
, µmin
(
η∗c2(E|C2)
)}
Now, if V is a semistable ample bundle with △(V ) = 0, then the pullback bundle E = ρ∗y(V ) is
also semistable bundle with △(E) = 0 by Theorem 1.2 in [BB08]. Therefore, applying Theorem
4.2 we get that for a positive real number λ > 0, ξ˜x − λE˜x is nef if and only if
µ(E|C1)− λ(C3 · C1) =
(
µ(V |f)− λ
)
≥ 0, µ(E|C2)− λ(C3 · C2) =
(
µ(V |σ)− λ
)
≥ 0,
and µ(E|C3)− λ(C3 · C3) = λ ≥ 0.
Therefore, the Seshadri constant at a closed point y ∈ σ is given by
ǫ(V, y) = min
{
µ(V |σ), µ(V |f)
}

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